The differential quadrature method (DQM) is applied to computation of the eigenvalues of in-plane buckling of the curved beams. Critical moments and loads are calculated for the beam subjected to equal and opposite bending moments and uniformly distributed radial loads with various end conditions and opening angles. Results are compared with existing exact solutions where available. The DQM gives good accuracy even when only a limited number of grid points is used. More results are given for two sets of boundary conditions not considered by previous investigators for in-plane buckling: clamped-clamped and simply supported-clamped ends. 
Introduction
Owing to their importance in many fields of technology and engineering, the stability behavior of elastic curved beams has been the subject of a large number of investigations. Solutions of the relevant differential equations have traditionally been obtained by the standard finite difference or finite element methods.
These techniques require a great deal of computer time as the number of discrete nodes becomes relatively large under conditions of complex geometry and loading. In a large number of cases, the moderately accurate solution which can be calculated rapidly is desired at only a few points in the physical domain. However, in order to get results with even only limited accuracy at or near a point of interest for a reasonably complicated problem, solutions often have dependence of the accuracy and stability of the mentioned methods on the nature and refinement of the discretization of the domain.
Ojalvo et al. [1] studied the elastic stability of ring segments with a thrust or a pull directed along the chord.
Vlasov [2] derived closed-form solutions such as for an arch, in which cross-sections are allowed to warp non-uniformly along the beam axis, subject to in-plane bending and uniformly distributed radial loads. Papangelis and Trahair [3] conducted a theoretical study of the flexural-torsional buckling of doubly symmetric arches to confirm the predictions of Timoshenko and Gere [4] for arches in uniform compression and of Vlasov [2] for arches in uniform bending. Yang and Kuo [5] studied the static stability of curved beams using the principle of virtual displacements in a Lagrangian formulation with emphasis place on the effect of curvature, and they presented closed-form solutions for arches in uniform bending and uniform compression. In addition, different approaches were also presented by Kuo and Yang [6] to support their studies treating a curved beam as the composition of an infinite number of infinitesimal straight beams. Kang and Yoo [7] presented a theoretical study on the buckling of curved beams with the derivation of stability equations. Recently, Kang and Kim [8] studied the in-plane vibration analysis of asymmetric curved beams using DQM.
In the present work, the DQM which is a rather efficient alternate procedure for the solution of partial differential equations, introduced by Bellman and Casti [9] , is use to analyze in-plane buckling of the curved beams subjected to uniformly distributed radial loads and 
Governing Differential Equations
The uniform curved beam considered is shown in 
where E is the Young's modulus of elasticity for the material of the arch, and I is the area moment of inertia of the cross section.
Using equation (1) and the dimensionless distance coordinate     , in which   is the opening angle of the member, one can rewrite equation (2) as
where each prime denotes one differentiation with respect to the dimensionless distance coordinate.
The differential equation of curved beam subjected to equal and opposite in-plane bending moments can be written as (Kang and Yoo [7] ).
where  is appled in-plane bending moments.
Using equation (1) and the dimensionless distance coordinate X= θ / θ 0 , one can also rewrite equation
Since the same inextensibility condition was employed for the various studies, the differences seem to arise only from different formulations of the stability equations by other investigators. The differential equations of curved beam subjected to equal and opposite in-plane bending moments and subjected to uniformly distributed radial loads by Yang and Kuo [5] can be written, respectively.
The boundary conditions for both ends clamped, both ends simply supported and for mixed simply supported-clamped ends are, respectively.
  ′  ″   at X = 0 and 1 (8)   ′  ″′   at X = 0 and 1
Differential Quadrature Method
The differential quadrature method (DQM) was introduced by Bellman and Casti [9] . By formulating the quadrature rule for a derivative as an analogous extension of quadrature for integrals in their introductory paper, they proposed the differential quadrature method as a new technique for the numerical solution of initial value problems of ordinary and partial differential equations. It was applied for the first time to static analysis of structural components by Jang et al. [11] . The versatility of the DQM to engineering analysis in general and to structural analysis in particular is becoming increasingly evident by the related publications of recent years. Kang and Han [12] applied the method to the analysis of a curved beam using classical and shear deformable beam theories, and Kang [13] studied the vibration analysis of curved beams using DQM. From a mathematical point of view, the application of the differential quadrature method to a partial differential equation can be expressed as follows:
where L denotes a differential operator, 
If the differential operator L represents an n th derivative, then
This expression represents N sets of N linear algebraic equations, giving a unique solution for the weighting coefficients, W ij , since the coefficient matrix is a
Vandermonde matrix which always has an inverse.
Application
The DQM is applied to the determination of the 
where   ,   , and   are the weighting coefficients for the first-, third-, and fifth-order derivatives, respectively, along the dimensionless axis.
The boundary conditions for clamped ends, given by equations (8), can be expressed in differential quadrature form as follows:
Similarly, the boundary conditions for simply supported ends given by equations (9) can be expressed in differential quadrature form as follows:
where   is the weighting coefficients for the second-order derivative. Here, δ denotes a very small distance measured along the dimensionless axis from the boundary ends. In their work on the application of DQM to the static analysis of beams and plates, Jang et al. [11] proposed the so-called δ-technique wherein adjacent to the boundary points of the differential quadrature grid points chosen at a small distance. This δ approach is used to apply more than one boundary conditions at a given station.
The boundary conditions for one simply supported and one clamped ends, given by equations (10), can be expressed in differential quadrature form as
Mixed boundaries can be easily accommodated by combining these equations; simply change the weighting coefficients. While most analytical methods use the rather laborious technique of superposition to arrive at solutions
for mixed boundary problems, this approach of breaking the problem into several easy is not required in the DQM.
This set of equations together with the appropriate boundary conditions can be solved for the in-plane buckling.
Numerical results and comparisons
In-plane buckling parameters N becomes too large (possibly greater than approx. 17). Table 2 shows the sensitivity of the solution to the choice of δ for the case of both ends simply supported. The optimal value for δ is found to be  ×    , which is obtained from trial-and-error calculations. The solution accuracy decreases due to numerical instabilities if δ becomes too big (possibly greater than approx.
 ×    ).
[ Table 1 In Table 3 , the critical moments   determined by the DQM are compared with the exact solutions by Kang and Yoo [7] for the case of both ends simply supported. In Table 5 , the critical loads   by the DQM are also compared with the exact solution by Kang and Yoo [7] for the case of both ends simply supported. Table 6 shows the critical loads   by the DQM for the case of both ends clamped and simply supported -clamped ends without comparison since no data are available.
[ Fig. 3 shows critical values of in-plane buckling parameters,  and   , using Eqs. (6) and (7) by DQM for the case of both ends simply supported, simply supported -clamped ends, and clamped.
[ Fig. 3 ] Critical values of in-plane buckling parameters,  and   , using Eqs. (6) and (7) by DQM for the case of both ends simply supported, simply supported -clamped ends, and clamped.
From Tables 3-6 , it is seen that the critical buckling parameters of the member with clamped ends are much higher than those of the member with simply supported ends and those of the member with mixed simply supported -clamped ends. The critical buckling parameters can be increased by decreasing the opening angle θ 0 .
In general, the difference among the various studies are not substantial where the subtended angle is small.
However, the differences become significant as the subtended angle becomes large. The DQM results show that the critical values  of buckling parameter by Kang and Yoo [7] is lower than those by Yang and Kuo [5] , and, but, the critical values   of buckling parameter by Kang and Yoo [7] is higher than those by Yang and Kuo [5] . As can be seen, the numerical results by the DQM show good to excellent agreement with the exact solutions.
Conclusions
The differential quadrature method (DQM) was applied clamped-clamped and simply supported-clamped ends.
